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Abstract 

Aim, Scope and Background. When materials are recycled they 
are made available for use for several future life cycles and can 
therefore replace virgin material more than just once. In order 
to analyse the optimal waste management system for a given 
material, the authors have analysed the material flows in a life 
cycle perspective. It is important to distinguish this approach 
for material flow analysis for a given material from life cycle 
analysis of products. A product life cycle analysis analyses the 
product system from cradle to grave, but uses some form of 
allocation in order to separate the life cycle of one product from 
another in cases where component materials are recycled. This 
paper does not address allocation of burdens between different 
product systems, but rather focuses on methodology for deci¬ 
sion making for waste management systems where the optimal 
waste management system for a given material is analysed. The 
focus here is the flow of the given material from cradle (raw 
material extraction) to grave (the material, or its inherent en¬ 
ergy, is no longer available for use). The limitation on the number 
of times materials can be recycled is set by either the recycling 
rate, or the technical properties of the recycled material. 

Main Features. This article describes a mathematical geometric 
progression approach that can be used to expand the system 
boundaries and allow for recycling a given number of times. 
Case studies for polyethylene and paperboard are used to illus¬ 
trate the importance of including these aspects when part of the 
Goal and Scope for the LCA study is to identify which waste 
management treatment options are best for a given material. 
The results and discussion examine the different conclusions 
that can be reached about which waste management option is 
most environmentally beneficial when the higher burdens and 
benefits of recycling several times are taken into account. 
Results. In order to assess the complete picture of the burdens 
and benefits arising from recycling the system boundaries must 
be expanded to allow for recycling many times. A mathematical 
geometric progression approach manages to take into account 
the higher burdens and benefits arising from recycling several times. 
If one compares different waste management systems, e.g. energy 
recovery with recycling, without expanding the system to include 
the complete effects of material recycling one can reach a differ¬ 
ent conclusion about which waste management option is preferred. 

Conclusions. When the purpose of the study is to compare dif¬ 
ferent waste management options, it is important that the sys¬ 
tem boundaries are expanded in order to include several recy¬ 
cling loops where this is a physical reality. The equations given 


in this article can be used to include these recycling loops. The 
error introduced by not expanding the system boundaries can 
be significant. This error can be large enough to change the 
conclusions of a comparative study, such that material recycling 
followed by incineration is a much better option than waste 
incineration directly. 

Recommendations and Outlook. When comparing waste man¬ 
agement solutions, where material recycling is a feasible option, 
it is important to include the relevant number of recycling loops 
to ensure that the benefits of material recycling are not underesti¬ 
mated. The methodology presented in this article should be used 
in future comparative studies for strategic decision-making for 
waste management. The approach should not be used for LCAs 
for product systems without due care, as this could lead to double 
counting of the benefits of recycling (depending on the goal and 
scope of the analysis). For materials where the material cycle is 
more of a closed loop and one cannot truly say that recycled 
materials replace virgin materials, a more sophisticated approach 
will be required, taking into account the fact that recycled mate¬ 
rials will only replace a certain proportion of virgin materials. 

Keywords: Cardboard; decision-making tool; LCA methodol¬ 
ogy; packaging; plastics; recycling; waste management 


1 Introduction 

In order to analyse the optimal waste management system for 
a given material, the authors have analysed the material flows 
in a life cycle perspective. It is important to distinguish this 
approach for material flow analysis for a given material from 
life cycle analysis of products. A product life cycle analysis 
analyses the product system from cradle to grave, but uses 
some form of allocation in order to separate the life cycle of 
one product from another in cases where component materi¬ 
als are recycled. This paper does not address allocation of 
burdens between different product systems, but rather focuses 
on methodology for decision making for waste management 
systems in a life cycle perspective, where the optimal waste 
management system for a given material is analysed. The fo¬ 
cus here is the flow of the given material from cradle (raw 
material extraction) to grave (the material, or its inherent en¬ 
ergy, is no longer available for use). 

In assessment of different waste management options meth¬ 
ods for waste management, such as energy recovery and landfill 
are often compared to recycling. This is usually done consid¬ 
ering recycling of the material once only [1—6]. Energy recov- 
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ery and landfill are 'final use', or the 'grave' for materials. 
However, when materials are recycled they are made avail¬ 
able for use for several future life cycles and can therefore 
replace virgin material more than just once. A recycled mate¬ 
rial is not at the 'end-of-life' phase of the life cycle; it is enter¬ 
ing a new life cycle as a raw material as long as the technical 
quality is good enough. In order to assess the complete picture 
of the burdens and benefits arising from recycling the system 
boundaries must be expanded to allow for recycling many times. 
A mathematical geometric progression approach can be used 
to expand the system boundaries and allow for recycling a given 
number of times. This is necessary in order to follow the mate¬ 
rial flows in the systems analysed to their 'grave'. 

This paper focuses on physical relationships for allocation of 
burdens and benefits arising from waste management systems 
where one examines the amount of material replaced by recy¬ 
cled materials, or the amount of energy replaced by energy 
recovery. This is the most suitable form of allocation for these 
situations where one examines the quantities of virgin mate¬ 
rial, or energy 'avoided'. Other methods of allocation (e.g. 
economic) are not used here as, if the recycled material does 
truly replace virgin raw material, the amount of material re¬ 
placed in mass is the most appropriate physical relationship. 
One must take into account that recycled material does not 
always replace virgin material on a 1:1 basis. Also in this case 
(material is not replaced on a 1:1 basis), mass allocation is 
found to be the most relevant and practical method. 

Le Borgne and Feillard [3] discuss the allocation problem for 
material recycling for a polypropylene bumper skin. They in¬ 
clude the amount of virgin material avoided 'somewhere in an¬ 
other system', as from an environmental point of view it does not 
matter within which system the recycled material will be used. 
This approach is used in many other LCA studies (e.g. [1,3,7,8], 
more recent examples are James et al. [4] and Ross and Evans 
[5]). The geometric progression model is based upon this ap¬ 
proach for accounting for avoided virgin material, but expands 
the system boundaries to follow the material to the grave. 


2 Geometric Progression Model 

A common approach to a waste management system is 
shown, in a simplified form, in Fig. 1. 



Fig. 1: A general model for waste management and recycling systems 


The model shown in Fig. 1 is an approach that avoids open 
loop recycling by considering the recovered material as if it 
was to be used in the same life cycle, i.e. as closed loop 
recycling [9]. 

Most of the waste management options considered are 'end- 
of-life' processes. However recycling systems are not. In or¬ 
der to perform a complete life cycle analysis (LCA) allowing 
for the fact that recycling materials can, and often are, used 
for more than one life cycle a new approach is needed. Waste 
management systems that include recycling are illustrated 
more completely by Fig. 2. 

If a mass fraction X of a given material is recycled a number 
of times, n, an increasing amount of virgin material is re¬ 
placed, R: 

R = '£ j R=R } +R 2 +R 3 +... + R n 

l=\ 

= MX x +MX l X 2 +A4X l X 2 X 3 +.... (!) 

+mx } x 2 x,...x„ 

where 

M is the mass input of material, as shown in Fig. 2. 

If the mass fractions are the same in each loop, Eq. (1) re¬ 
duces to: 

R = MX + MX 2 + MX 3 + ... + MX" < 2 ) 


This can be expressed as a geometric progression: 


r = m(x+x 2 + X 3 +X 4 +X s +...) = Mlj^X" 


n =1 


( 3 ) 


If the life cycle examined is as shown in Fig. 2, one can also 
calculate the total amount of material function, T, that has 
been obtained from the initial input of material, M, into the 
life cycle. T can be expressed as: 


T = M + R = M + ^Jl=M + MX, 

/=i 

+ MX,X 2 + MX,X 2 X 2 + ... + MX,X 2 X i ...X„ 


( 4 ) 


If the mass fractions are the same in each loop, Eq. (4) re¬ 
duces to: 


T = M+m(x+X 2 +X 3 +... + X n ) = M+M\ jr* n (5) 

l n=1 > 

When n approaches infinity, the equation can be described as: 


Lim T = -^— 
1 - X 


, 0<JT<1 


( 6 ) 


Eq. 6 should be used in cases where n approaches infinity 
(unlimited recycling loops), whereas Eq. 5 should be used 
where the number of recycling loops are limited, for exam¬ 
ple when the material properties have deteriorated to a level 
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|r j = r,x 3 = mx,x 2 x s 



etc. 


Fig. 2: Waste management systems including recycling several times 


where the recycled material can no longer be expected to 
replace a virgin raw material. The number of loops that are 
relevant will depend on the material considered and practi¬ 
cal aspects of the given collection and recycling system. 

Once this theoretical model is established it can be applied to 
a normal LCA model with a given recycling rate. One can 
also limit the number of times the given material is recycled, 
based on knowledge of a given material and its changes in 
quality due to recycling. The geometric progression approach 
thus takes into account that the amount of material recy¬ 


cled is less and less for each cycle of the material life cycle 
and that different materials have different changes in qual¬ 
ity due to recycling. This model shows us that the higher the 
recycling rate the less virgin material input we need to fulfil 
a given material requirement. As you can see from Fig. 3, if 
a recycling rate as high as 80% is achieved (as is the case for 
corrugated cardboard from businesses in the Drammen re¬ 
gion in Norway [10-12]) and the material is re-used up to 5 
times, i.e. Eq. (5), n = 5 (again practical in the case of corru¬ 
gated board), for every 1 kg of material that enters the sys¬ 
tem we can get 3.69 kg of material function. 
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recycling rates 

It is important that users of this geometric progression 
method remember that this is based upon the important 
condition that the recycled material replaces virgin material 
that would otherwise have been used. The limitation on the 
number of times materials are recycled in the model is set by 
either the recycling rate, or the technical properties of the 
recycled material. 

3 LCA Methodology 

Methods for approaching, or avoiding, the problem of allo¬ 
cation where recycling occurs in a product system have been 
the subject of many authors during the development of LCA 
methodology. Examples of specific allocation procedures 
developed for recycling are the 50/50 rule [13], the material 
grade model [14] and where recycled material is treated as a 
co-product with market-based allocation, [7,8]. The main 
methods used are related to physical properties, economic 
value, or the number of subsequent uses of the recycled 
material as the basis for allocation [15], A description and 
comparison of the results obtained from several different 
allocation methods are given in [13], with focus on cascade 
recycling. Avoiding allocation by system expansion is an¬ 
other approach to the allocation problem [7], Kim and Dale 
[16] use the system expansion approach to avoid co-prod¬ 
uct allocation in LCA of ethanol production, but conclude 
that allocation based on physical properties or economic 
values would be more appropriate for an LCA study in which 
the goal is to compare the environmental burdens between 
two different ethanol production technologies. This article 
examines methodology for the comparison of different waste 
management systems and thus uses a physical properties 
approach, combined with a geometric progression. 

The allocation problem for open loop recycling is not a new 
theme and the method used is often dependent on the goal 
of the study [7,8,13,14,17,18]. The use of geometric 
progressions in order to obtain inventory data is also not 
new. It can be found in [17, p. 55], where it is recommended 
as an approach for dealing with situations where recursion 
occurs in a process tree, such as when 5 MJ of electricity 
requires 0.1 MJ of electricity to produce the electricity used, 
which in turn requires 0.1 MJ etc. What is novel with our 
approach is the application of the geometric progression to 
include the benefits of recycling several times when compar¬ 
ing different waste management alternatives in order to en¬ 


sure that the benefits of material recycling are not under esti¬ 
mated. It is important to clarify that the authors recommend 
this approach for studies where part of the Goal and Scope 
for the LCA study is to identify which waste management 
treatment options are best for a given material. If the approach 
were to be used for LCAs for product systems without due 
care, this could lead to double counting of the benefits of recy¬ 
cling (depending on the goal and scope of the analysis). 

The approach described means that the effects of recycling 
are fully accounted for. The benefits of substituting recycled 
materials instead of virgin raw materials are also included. 
Quality loss can be built in to the model by substituting a 
reduced amount of virgin raw material (X,>X 2 >X 3 in Eq. (1) 
and (4)), or if different raw materials are replaced, the envi¬ 
ronmental benefits associated with replacing the alternative 
materials can be built into the model. This model has been 
developed and used for LCAs that are to be used in strategic 
decision-making, i.e. decisions about which waste manage¬ 
ment strategies to use. Another use has been to document 
the environmental benefits of material recycling, as opposed 
to other waste treatment alternatives. These are prime ex¬ 
amples of the wider application of LCA over and above ana¬ 
lysing the life cycles of products [19]. 

Commonly used methodology for recycling systems avoids 
allocation by expanding system boundaries to include the 
benefits of replacing virgin material, 'avoided burdens' [2,19]. 
The methodology presented in this article avoids allocation 
by expanding the system boundaries to include several recy¬ 
cling loops, where appropriate. This is in line with method¬ 
ology for avoiding allocation, as described in the ISO stand¬ 
ard [20], We cannot know for sure that the material in 
question is recycled the given number of times in a system 
with the same recycling rate as ours. However, LCA is at 
heart a tool based on linear modelling of physical character¬ 
istics of industrial activities, where assumptions must be 
made. The practitioner must be sure that these assumptions 
are appropriate for the system they are analysing. ISO TR 
14049 [21] also indicates that recycled plastics and alu¬ 
minium should be assumed to replace virgin materials of 
the same type. Ekvall and Finnveden [22] discuss the as¬ 
sumption that recycled material replaces virgin material and 
state that this is a valid approach if there is a market that is 
willing and able to absorb an increased amount of recycled 
material. The demand for recycled paperboard and plastic 
is strong in Norway [23] and thus the assumptions about 
replacement of virgin material are valid. As the results shown 
in Fig. 4 and 5 illustrate, failing to include the potential ben¬ 
efits of a recycling system that enables the use of materials 
several times can significantly affect the conclusions of the 
study. The approach described in this article is therefore a 
practical methodological approach to solving this problem. 

4 Results and Discussion 

0stfold Research Foundation has used this model on sev¬ 
eral types of material, including low-density and high-den- 
sity polyethylene and different types of paperboard [10-12], 
[24—27]. The results for the systems using the arithmetic se¬ 
ries approach manages to take account of the higher bur- 
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Global warming point 

kg C0 2 equivalents per ton household plastic waste generated 



-600 I- 

Recycling (30%). one loop only Recycling (30%), 6 loops 


Fig. 4: Comparison of results obtained when including all 6 recycling loops, 
with the results obtained when only one recycling loop is taken into account 


dens and benefits arising from recycling several times. Fig. 4 
illustrates this for plastic waste. 

Fig. 5 shows that the expansion of the system boundaries in 
order to include several recycling loops gives significant changes 
in the total benefits calculated for this system. The data for 
this figure comes from reference [25]. It was assumed that 
30% of the potential plastic waste was recycled, 30% sent to 
energy recovery and the remaining 40% to landfill. The plas¬ 
tic waste is assumed recycled 6 times, due to quality restric¬ 
tions [28]. At the end of these 6 recycling loops it is assumed 
that the plastic is sent to energy recovery. With this relatively 
low recycling rate (30%) the results obtained leave out 40% 
of the benefits obtained by recycling. Using the geometric pro¬ 
gression method enables one to include this. 

When studying recycling systems for cardboard packaging 
[10,12] the authors of this article performed an analysis that 
is a good example of how important inclusion of these extra 
recycling loops is. If one compares energy recovery with re¬ 
cycling without expanding the system to include the com¬ 
plete effects of material recycling one can reach a different 
conclusion about which waste management option is pre¬ 
ferred. This is illustrated in Fig. 5. 


For the cardboard packaging recycling cases shown here, 
approximately 60% of the cardboard packaging arising in 
the household is recycled. One can see that without includ¬ 
ing all 5 recycling loops the most favourable waste treat¬ 
ment option in this case would have been energy recovery. 
When one expands the system to include these extra recy¬ 
cling loops the decision made will be in favour of recycling. 

The results shown in Figs. 4 and 5 are for materials where it 
is legitimate to claim that recycled materials replace virgin 
materials. For materials where the material cycle is more of 
a closed loop (recycled materials account for a considerable 
amount of the material flow in product systems), so one 
cannot truly say that recycled materials replace virgin mate¬ 
rials, a more sophisticated approach will be required, tak¬ 
ing into account the fact that recycled materials will not 
replace virgin materials. A model accounting for this will 
require further research. 

5 Conclusions 

When the purpose of the study is to compare different waste 
management options, it is important that the system bounda¬ 
ries are expanded in order to include several recycling loops 
where this is a physical reality. The equations given in this 
article can be used to include these recycling loops. Eq. 5 is 
most appropriate when the number of recycling loops is 
limited due to material properties, or inefficiencies in the 
collection and recycling system. Eq. 6 should be used in 
cases where the number of recycling loops approaches in¬ 
finity (unlimited recycling loops), this is relevant for some 
metals for example. 

The error introduced by not expanding the system bounda¬ 
ries can be significant. This error can be large enough to 
change the conclusions of a comparative study, such that 
material recycling followed by incineration is a much better 
option than waste incineration directly. 


Global warming potential 

kg C0 2 equivalents per kg household cardboard packaging waste generated 
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Fig. 5: Comparison of different waste treatment options for cardboard packaging. Data given per kg household cardboard packaging waste generated 
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6 Recommendations and Outlook 

When comparing waste management solutions, where ma¬ 
terial recycling is a feasible option, it is important to include 
the relevant number of recycling loops to ensure that the 
benefits of material recycling are not underestimated. The 
methodology presented in this article should be used in fu¬ 
ture comparative studies for strategic decision-making for 
waste management. The approach should not be used for 
LCAs for product systems without due care, as this could 
lead to double counting of the benefits of recycling (depend¬ 
ing on the goal and scope of the analysis). 

For materials where the material cycle is more of a closed 
loop (recycled materials account for a considerable amount 
of the material flow in product systems) and one cannot 
truly say that recycled materials replace virgin materials, a 
more sophisticated approach will be required, taking into 
account the fact that recycled materials will only replace a 
certain proportion of virgin materials. 
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